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We investigate observational constraints on the Brans-Dicke cosmological model using obser-
vational data coming from distant supernovae type Ia, the Hubble function H(z) measurements,
information coming from the Alcock-Paczyn´ski test, and baryon acoustic oscillations. Our analysis
is based on the modified Friedmann function resulting form dynamical investigations of Brans-Dicke
cosmology in the vicinity of a de Sitter state. The qualitative theory of dynamical systems enables
us to obtain three different behaviors in the vicinity of this state. We find for a linear approach
to the de Sitter state ωBD = −0.8606
+0.8281
−0.1341 , for an oscillatory approach to the de Sitter state
ωBD = −1.1103
+0.1872
−0.1729 , and for the transient de Sitter state represented by a saddle-type critical
point ωBD = −2.3837
+0.4588
−4.5459 . We obtain the mass of the Brans-Dicke scalar field at the present
epoch as mφ ∼ H0. The Bayesian methods of model comparison are used to discriminate between
obtained models. We show that observational data point toward vales of the ωBD parameter close
to the value suggested by the low-energy limit of the bosonic string theory.
PACS numbers: 04.50.Kd, 98.80.-k, 95.36.+x, 95.35.+d
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I. INTRODUCTION
Composing the standard cosmological model (ΛCDM
model) we assume that the general relativity describes
universe and we postulate validity of the cosmological
principle. This model is the best description of the cur-
rent universe as indicated by implementing the Bayesian
methods of model selection to simple theoretical models
[1]. Attempts to explain the present universe in terms of
the standard cosmological model is justified by a prag-
matic approach of a simple two parameter model. Such
a model corresponds to what in physics we know as effec-
tive theories, like a standard model in particle physics.
In this model as well as in ΛCDM model there are pa-
rameters which value should be obtained from a more
fundamental theory or determined by observations. In
cosmology the role of such parameters play the density
parameters. Unfortunately, the nature of some param-
eters describing the dark side of the Universe (dark en-
ergy and dark matter) is unknown. From our point of
view it means that in the construction of the standard
cosmological model the cosmological constant term plays
only the role of a useful fiction; i.e., the ΛCDM model de-
scribes cosmological observations well but unveils nothing
about the nature of the cosmological constant. Adopting
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the methodology of an effective theory may shed some
light on the nature of parameters revealing hints toward
a more fundamental theory which we are looking for.
Because of well-known problems with the cosmological
term in the standard cosmological model related with its
substantial interpretation we are looking for a solution of
the conundrum of acceleration of the current Universe in
the framework of Brans-Dicke theory of gravity [2] (see
also [3]). In this theory a gravitational interaction is de-
scribed in terms of both a scalar field and the metric.
The scalar field plays an important role in description
of the early universe (inflation) as well as the late time
cosmic evolution (quintessence). Moreover following re-
cent Planck observations it is found that the time-varying
equation of state with the constant additive contribution
is favored when the astrophysical data are taken into ac-
count [4].
In this framework the difficulty is to obtain a time-
varying form of equation of state. In all these applica-
tions the scalar field is treated as a source. Usually it is
assumed that they are not free and interact with itself
via some potential function. Then in scalar field cosmol-
ogy the main problem is to determine the unknown form
of this potential. This problem is passed by assuming
different, chosen a priori forms of the potential function
of the scalar field.
In the Brans-Dicke theory, which is a scalar-tensor the-
ory of gravity, a scalar field does not play the role of a
substance but is rather a integral part of the gravitational
sector. In this description a free parameter ωBD appears
2as a consequence of the effective theory approach.
The value of this parameter can be constrained using
the astronomical observations and astrophysical experi-
ments. In the scale of the solar system the Cassini space-
craft mission experiment gave a very stringent bound
on ωBD > 4000 for spherically symmetric solutions in
the parametrized post-Newtonian (PPN) formalism [5–
7]. On the other hand the data from the cosmological
experiments conducted during the WMAP and Planck
missions gave substantially lower values of limits on the
parameter ωBD. Liddle et al. in [8] studied the transition
form radiation domination to matter domination epoch
in Brans-Dicke theory and showed how the Hubble length
at equality depends on the coupling parameter ωBD for
large values of this parameter. Acquaviva et al. in [9]
using structure formation constraints found lower bound
ωBD > 120 at 95% confidence level. Recently Avilez and
Scordis, using CMB data, have obtained the smaller value
of the limit ωBD > 692 at a 99% confidence level [10]. Li
et al. [11] using data coming from the Planck satellite
and others cosmological observations determined the ωBD
parameter region−407.0 < ωBD < 175.87 at the 95% con-
fidence level, while for positive values of this parameter
they obtained ωBD > 181.65 at the 95% confidence level.
On the other hand Fabris et al. in [12] using the super-
novae Ia data obtained the best fit value of ωBD = −1.477.
We must remember that all these limits are model depen-
dent. In some estimations the potential of the scalar field
is ignored while in others the Newtonian approximation
and spherical symmetry is assumed at the starting point.
In this paper we find observational constraints
on the Brans-Dicke cosmological model assuming the
Robertson-Walker symmetry working at the cosmologi-
cal scale. Therefore the H2(a) relation is a starting point
of our further estimations of the model parameters. The
parameter ωBD is hidden behind the density parameters
of the Brans-Dicke modification of the Friedmann equa-
tion. The next step is to estimate the value of the density
parameters from the astronomical data and compare the
model with the standard cosmological model ΛCDM us-
ing information criteria. Because we treat the new model
as a generalization of the ΛCDM model it is naturally to
interpret a prime contribution to the H2(a) relation as a
corresponding term in the ΛCDM model.
The action for the Brans-Dicke theory [2] in the so-
called Jordan frame is in the following form [13, 14],
S =
∫
d4x
√−g
(
φR − ωBD
φ
∇αφ∇αφ− 2V (φ)
)
+16piSm ,
(1)
where the barotropic matter is described by
Sm =
∫
d4x
√−gLm , (2)
and ωBD is a dimensionless parameter of the theory.
For the spatially flat Friedmann-Robertson-Walker
metric field equations lead to the energy conservation
condition
3H2 =
ωBD
2
φ˙2
φ2
+
V (φ)
φ
− 3H φ˙
φ
+
8pi
φ
ρm , (3)
where a dot denotes differentiation with respect to the
cosmic time, and the acceleration equation
H˙ =− ωBD
2
φ˙2
φ2
− 1
3 + 2ωBD
2V (φ) − φV ′(φ)
φ
+
+ 2H
φ˙
φ
− 8pi
φ
ρm
2 + ωBD(1 + wm)
3 + 2ωBD
,
(4)
while the equation of motion for the scalar field is in the
following form:
φ¨+ 3Hφ˙ = 2
2V (φ)− φV ′(φ)
3 + 2ωBD
+ 8piρm
1− 3wm
3 + 2ωBD
. (5)
II. DYNAMICS AND THE HUBBLE FUNCTION
Using the expansion normalized variables [15, 16]
x ≡ φ˙
Hφ
, y ≡
√
V (φ)
3φ
1
H
, λ ≡ −φV
′(φ)
V (φ)
, (6)
the energy conservation condition (3) can be presented
as
Ωm =
8piρm
3φH2
= 1 + x− ωBD
6
x2 − y2 , (7)
and the acceleration equation (4) as
H˙
H2
=2x− ωBD
2
x2 − 3
3 + 2ωBD
y2
(
2 + λ
)−
− 3
(
1 + x− ωBD
6
x2 − y2
) 2 + ωBD(1 + wm)
3 + 2ωBD
.
(8)
Then the dynamics of the Brans-Dicke theory with an ar-
bitrary potential function and the barotropic matter con-
tent can be reduced to a three-dimensional autonomous
dynamical system
dx
dτ
= −3x− x2 − x H˙
H2
+
6
3 + 2ωBD
y2(2 + λ) +
+3
(
1 + x− ωBD
6
x2 − y2
) 1− 3wm
3 + 2ωBD
, (9a)
dy
dτ
= −y
(
1
2
x(1 + λ) +
H˙
H2
)
, (9b)
dλ
dτ
= xλ
(
1− λ(Γ− 1)
)
, (9c)
where ddτ =
d
d ln a and
Γ =
V ′′(φ)V (φ)
V ′(φ)2
, (10)
3where ()′ = ddφ .
If we assume that Γ = Γ(λ) we are able to find critical
points of the system (9) which depend on the explicit
form of the Γ(λ) function. In our previous paper [15]
we have found that for an arbitrary potential function
of the scalar field which can be expressed by some Γ(λ)
function, there exist a single critical point (x∗ = 0, y∗ =
1, λ∗ = −2) corresponding the de Sitter expansion.
Qualitative behavior of the solutions of the system (9)
in the vicinity of this critical point depend on the eigen-
values of the linearization matrix calculated at this point.
The eigenvalues are
l1 = −3(1 + wm) ,
l2,3 = −3
2
(
1±
√
3 + 2ωBD + δ
3 + 2ωBD
)
,
(11)
where δ parameter is defined as
δ =
8
3
λ∗
(
1− λ∗(Γ(λ∗)− 1))) = 16
3
(
1− 2 Γ∗) , (12)
and depends on the second derivative of the potential
function at the de Sitter state. Note that for a quadratic
potential function V (φ) ∝ φ2 we have Γ = 12 which leads
to δ = 0. Simple inspection of the eigenvalues gives
that in this case one of them vanishes giving rise to de-
generated critical point and structurally unstable system
[16, 17].
For wm > −1 the critical point corresponding to the
de Sitter expansion is stable when δ3+2ωBD < 0 and rep-
resents a saddle-type critical point otherwise. The stable
case can be further divided in to two cases correspond-
ing to a stable node for −1 < δ3+2ωBD < 0 and a stable
focus for δ3+2ωBD < −1. In the most general case, from
(11), one can distinguish two cases, the first one when the
eigenvalues of the linearization matrix are purely real and
the second when the eigenvalues have a nonzero imagi-
nary part. The case with purely imaginary eigenvalues is
excluded in our case.
From now on we assume that we include only the bary-
onic matter, Ωm = Ωbm with the equation of state pa-
rameter wm = 0.
In Appendix A we presented the linearized solutions
in the vicinity of the de Sitter state for two types of
behavior.
In the first case, characterized by the purely real eigen-
values, we make the following substitution
δ
3 + 2ωBD
=
4
9
n(n− 3) , (13)
and the eigenvalues of the linearization matrix at the de
Sitter state are
l1 = −3 , l2 = −n , l3 = −3 + n , (14)
where for 0 < n < 32 we have a stable node critical point
and for n < 0 a saddle type. Note that the case of n = 0
or n = 3, which corresponds to δ = 0 or ωBD = ∞, is
excluded from our investigations as this case leads to de-
generated critical point and structurally unstable system
[16, 17].
Now, using the linearized solutions (A3) and the ac-
celeration equation (8) up to linear terms in initial con-
ditions we obtain the following Hubble function,
(
H(a)
H(a0)
)2
= ΩΛ,0 + ΩM,0
(
a
a0
)−3
+Ωn,0
(
a
a0
)−n
+Ω3n,0
(
a
a0
)−3+n
, (15)
where
ΩM,0 =
(
1− 16
3δ
)
Ωbm,0 , (16a)
Ωn,0 =
n+ 1
3δ(2n− 3)
(
4nΩbm,i − 3δ∆x+ 8(n− 3)∆λ
)( a0
a(i)
)−n
, (16b)
Ω3n,0 =
n− 4
3δ(2n− 3)
(
− 4(n− 3)Ωbm,i − 3δ∆x− 8n∆λ
)( a0
a(i)
)−3+n
, (16c)
and
ΩΛ,0 = 1− ΩM,0 − Ωn,0 − Ω3n,0 , (17)
where ∆x = x(i), ∆y = y(i) − 1, and ∆λ = λ(i) + 2 are
the initial conditions in the vicinity of the de Sitter state
and a(i), a0 are the initial and the present value of the
scale factor. Up to linear terms in the initial conditions,
from (7) we have Ωbm,i = ∆x− 2∆y.
In our further investigation the model described by the
4Hubble function (15) together with 0 < n < 32 , we denote
as “model 1a” (the de Sitter state is the critical point of a
stable node type), while the model with n < 0 we denote
as “model 1b” (the de Sitter state is a saddle-type critical
point).
For the second type of behavior in the vicinity of the
de Sitter state we make the following substitution,
δ
3 + 2ωBD
= −1
9
(9 + 4n2) , (18)
and the eigenvalues of the linearization matrix at the de
Sitter state are
l1 = −3 , l2 = −3
2
− in , l3 = −3
2
+ in . (19)
From the solutions (A6) and the acceleration equation
(8), and again, up to linear terms in initial conditions we
obtain the following Hubble function,
(
H(a)
H(a0)
)2
= ΩΛ,0 +ΩM,0
(
a
a0
)−3
+
(
a
a0
)−3/2(
Ωcos,0 cos
(
n ln
(
a
a0
))
+Ωsin,0 sin
(
n ln
(
a
a0
)))
, (20)
where
ΩM,0 =
(
1− 16
3δ
)
Ωbm,0 , (21a)
Ωcos,0 =
1
3δ
(
16Ωbm,i − 3δ∆x+ 8∆λ
)( a0
a(i)
)−3/2
cos
(
n ln
(
a0
a(i)
))
+
+
1
6δn
(
2(4n2 − 15)Ωbm,i + 15δ∆x+ 4(4n2 + 15)∆λ
)( a0
a(i)
)−3/2
sin
(
n ln
(
a0
a(i)
))
, (21b)
Ωsin,0 =
1
6δn
(
2(4n2 − 15)Ωbm,i + 15δ∆x+ 4(4n2 + 15)∆λ
)( a0
a(i)
)−3/2
cos
(
n ln
(
a0
a(i)
))
−
− 1
3δ
(
16Ωbm,i − 3δ∆x+ 8∆λ
)( a0
a(i)
)−3/2
sin
(
n ln
(
a0
a(i)
))
. (21c)
and
ΩΛ,0 = 1− ΩM,0 − Ωcos,0 , (22)
where ∆x = x(i), ∆y = y(i) − 1, and ∆λ = λ(i) + 2 are
the initial conditions in the vicinity of the de Sitter state
and a(i), a0 are the initial and the present value of the
scale factor. Up to linear terms in the initial conditions,
from (7) we have Ωbm,i = ∆x− 2∆y.
The model described by the Hubble function (20) we
denote as “model 2” (the de Sitter state corresponds to
the critical point of a stable focus type).
Note that for the Hubble functions (15) and (20), when
the parameter δ in (16a) and (21a) is negative δ < 0, the
density parameter of the matter content ΩM,0 is larger
than the density parameter of the matter included in the
model by hand Ωbm,0.
Additionally the ΛCDM model is nested within both
Hubble functions (15) and (20), i.e. carefully choosing
the initial conditions for the linearized solutions
∆x =
4
δ
Ωbm,i , ∆λ = −1
2
Ωbm,i , (23)
where up to linear terms in initial conditions Ωbm,i =
∆x− 2∆y, then in (15) we have Ωn,0 = Ω3n,0 = 0 and in
(20) we have Ωcos,0 = Ωsin,0 = 0 and the resulting form
of the Hubble function is
(
H(a)
H(a0)
)2
≈ 1− ΩM,0 +ΩM,0
(
a
a0
)−3
, (24)
where
ΩM,0 =
(
1− 16
3δ
)
Ωbm,0 . (25)
This Hubble function describes the ΛCDM model with
direct interpretation of the second term in the brackets
as proportional to density parameter of the dark matter
in the model
Ωdm,0 = −16
3δ
Ωbm,0 . (26)
5III. OBSERVATIONAL CONSTRAINTS
To estimate the parameters of the models we used
modified for our purposes, publicly available CosmoMC
source code [18, 19] with implemented nested sampling
algorithm multinest [20–22]. We kept fixed present val-
ues of the Hubble function H0 = 67.4 Mpc/km/s and the
baryonic matter density parameter Ωbm,0h
2 = 0.02207
taken for the recent observations of the Planck satel-
lite [4]. In all investigated models we assumed a flat
prior for estimated parameters in the following intervals:
ΩM,0 ∈ (0.1; 0.5), Ωn,0 ∈ (−1; 1) , Ω3n,0 ∈ (−1; 1) and
the parameter n for the model 1a n ∈ (0; 32 ) and for
the model 1b n ∈ (−3; 0). For the model 2 we assumed
Ωsin,0 ∈ (−1; 1), Ωcos,0 ∈ (−1; 1) and n ∈ (0; 5).
We used observational data of 580 supernovae type
Ia the so called Union2.1 compilation [23], 31 obser-
vational data points of Hubble function from [24–33] col-
lected in [34], the measurements of BAO (baryon acoustic
oscillations) from Sloan Digital Sky Survey (SDSS-III)
combined with 2dF Galaxy Redshift Survey (2dFGRS)
[35–38], The 6dF Galaxy Survey (6dFGS) [39, 40], Wig-
gleZ Dark Energy Survey [41–43] and information coming
from determinations of Hubble function using Alcock-
Paczyn´ski test [44, 45].
In this paper the starting point was the Hubble func-
tions obtained from the linearized solutions in the vicin-
ity of the de Sitter state. Such solutions have a limited
range of applicability and cannot be prolonged up to ar-
bitrary values of the scale factor, so we did not apply
obtained Hubble functions to observational data coming
from large redshifts. The observational data coming from
the CMB are beyond the scope of applicability of the ob-
tained Hubble functions.
The likelihood function for the supernovae data is de-
fined by
LSN ∝ exp

−∑
i,j
(µobsi − µthi )C−1ij (µobsj − µthj )

 , (27)
where Cij is the covariance matrix with the systematic
errors, µobsi = mi −M is the distance modulus, µthi =
5 log10DLi+M = 5 log10 dLi+25,M = −5 log10H0+25
and DLi = H0dLi, where dLi is the luminosity distance
which is given by dLi = (1 + zi)c
∫ zi
0
dz′
H(z′) (with the as-
sumption k = 0).
For H(z) the likelihood function is given by
LH(z) ∝ exp
[
−
∑
i
(
Hth(zi)−Hobsi
)2
2σ2i
]
, (28)
where Hth(zi) denotes the theoretically estimated Hub-
ble function, Hobsi is observational data.
For BAO A parameter the likelihood function is de-
fined as
LBAOA ∝ exp

−∑
i,j
(Ath(zi)−Aobsi )C−1ij (Ath(zj)−Aobsj )

 ,
(29)
where Cij is the covariance matrix with the systematic
errors, Ath(zi) =
√
Ωm,0
(
H(zi)
H0
)− 1
3
[
1
zi
∫ zi
0
H0
H(z)dz
] 2
3
.
The likelihood function for the rest of BAO data is
characterized by
LBAO ∝ exp

−∑
i,j
(
dth(zi)− dobsi
)
C
−1
ij
(
dth(zj)− dobsj
) ,
(30)
where Cij is the covariance matrix with the systematic
errors, dth(zi) ≡ rs(zd)
[
(1 + zi)
2D2A(zi)
czi
H(zi)
]− 1
3
, rs(zd)
is the sound horizon at the drag epoch and DA is the
angular diameter distance.
And finally, the likelihood function for the information
coming from Alcock-Paczyn´ski test is given by
LAP ∝ exp
[
−
∑
i
(
AP th(zi)−AP obsi
)2
2σ2i
]
, (31)
where: AP th(zi) ≡ H(zi)H0(1+zi) .
The total likelihood function LTOT is defined as
LTOT = LSNLH(z)LBAOALBAOLAP . (32)
The mean of marginalized posterior PDF with 68%
confidence level and the values of the joined posterior
probabilities of the parameters for all investigated models
are gathered in Table I.
The posterior constraints for investigated models are
given in Figs. 1, 2, and 3. On the one-dimensional plots
the solid lines denote fully marginalized probabilities and
the dotted lines show mean likelihood. On the two-
dimensional plots the solid lines denote 68% and 95%
credible intervals of fully marginalized probabilities while
the colors illustrate mean likelihood of the sample used.
In order to discriminate between models we used twice
of the natural logarithm of the Bayes factor of two models
defined as
2 lnB0i = 2 ln
E0
Ei
, (33)
which is proportional to the ratio of the evidence of the
base model E0 and the evidence of the model investigated
Ei.
This quantity can be interpreted as a evidence in fa-
vor of the base model with subscript “0”. For 2 >
2 lnB0i > 0 the evidence is not worth a bare mention,
for 6 > 2 lnB0i > 2 is positive, for 10 > 2 lnB0i > 6 is
strong and when 2 lnB0i > 10 the evidence is very strong
in favor of model “0” (or very strong evidence against
model “i”) [46].
6TABLE I. Mean of marginalized posterior PDF with 68% con-
fidence level for the parameters of the models. In the brackets
are shown parameter’s values of joined posterior probabili-
ties. Estimations were made using Union2.1, H(z), Alcock-
Paczyn´ski and BAO data sets.
Union2.1+H(z)+AP Union2.1+H(z)+AP+BAO
model 1a
ΩM,0 0.2788
+0.0939
−0.0931(0.1328) 0.2887
+0.0180
−0.0178(0.2882)
Ωn,0 0.0083
+0.6486
−0.6464(−0.6933) 0.0760
+0.5673
−0.5795(0.9427)
Ω3n,0 0.0144
+0.2929
−0.287 (0.2562) −0.0517
+0.1988
−0.2468(−0.0149)
n 0.7305+0.5324−0.5185(0.4150) 0.9073
+0.4704
−0.5720(0.0210)
model 1b
ΩM,0 0.3053
+0.1296
−0.1320(0.3056) 0.2903
+0.0190
−0.0191(0.2873)
Ωn,0 0.0090
+0.6093
−0.6137(0.0720) −0.0121
+0.5182
−0.5264(0.0179)
Ω3n,0 −0.0184
+0.0938
−0.0922(−0.0043) −0.0088
+0.0170
−0.0181(−0.0025)
n −0.3585+0.2881−0.2832(−1.7160) −0.4012
+0.3229
−0.3082(−1.3276)
model 2
ΩM,0 0.2888
+0.0187
−0.0187(0.2891) 0.2723
+0.0642
−0.0674(0.2200)
Ωcos,0 0.0229
+0.1676
−0.1626(0.0540) 0.0034
+0.2497
−0.2530(−0.1773)
Ωsin,0 0.0688
+0.4189
−0.3662(0.5060) −0.0318
+0.5839
−0.5709(−0.7339)
n 0.9295+0.7859−0.7538(0.1981) 0.9153
+0.6141
−0.6722(0.5139)
ΛCDM model
ΩM,0 0.2792
+0.0228
−0.0229(0.2772) 0.2850
+0.0164
−0.0164(0.2839)
The values of twice the natural logarithm of the
Bayes factor of models 1a, 1b, and 2 with re-
spect to the ΛCDM model are gathered in Table II.
Using Union2.1+H(z)+Alcock-Paczyn´ski data set we
obtain a positive evidence in favor of the ΛCDM
model over the models under considerations. The
Union2.1+H(z)+Alcock-Paczyn´ski+BAO data set gives
positive evidence of the ΛCDM model over the model 1a
while the models 1b and 2 are strongly disfavored (or,
equivalently, the strong evidence in favor of the ΛCDM
as compared to the two models considered).
Calculating twice the natural logarithm of the Bayes
factor between the models under investigations we ob-
tain, for models 1a and 1b : 2 lnB1a1b = 3.74± 0.35, for
models 1a and 2 : 2 lnB1a2 = 1.50± 0.32 and for models
2 and 1b : 2 lnB21b = 2.24 ± 0.38. These values give a
positive evidence in favor of the models 1a and 2 with
TABLE II. Values of the evidence and the Bayes factor
(with respect to ΛCDM model) for Union2.1+H(z)+Alcock-
Paczyn´ski and Union2.1+H(z)+Alcock-Paczyn´ski+BAO data
sets.
Union2+H(z)+AP
evidence lnEi 2 lnB0i
model 1a −285.55 ± 0.10 2.73 ± 0.25
model 1b −286.98 ± 0.12 5.60 ± 0.28
model 2 −286.61 ± 0.10 4.85 ± 0.26
ΛCDM −284.18 ± 0.08 0
Union2+H(z)+AP+BAO
evidence lnEi 2 lnB0i
model 1a −288.02 ± 0.11 5.16 ± 0.27
model 1b −289.89 ± 0.14 8.89 ± 0.33
model 2 −288.77 ± 0.12 6.65 ± 0.30
ΛCDM −285.44 ± 0.09 0
respect to the model 1b. The models with the de Sitter
state in form of an attractor of the system are favored in
light of the used observational data.
The Bayesian statistical analysis crucially depends on
the choice of the parameters priors. The models under
considerations were obtained from the linearized solu-
tions to dynamics in the vicinity of the de Sitter state
and hence the Ωi,0 in the Hubble functions can not be
arbitrary large as they depend linearly on the initial con-
ditions. For larger regions on the parameter priors the
evidence of the model will be worse but we must remem-
ber that in these models the main contribution to the
Hubble functions are terms similar to the terms in the
ΛCDM model. Restricting the allowed range for param-
eters one can obtain models which are virtually indistin-
guishable from the standard model.
IV. DERIVED QUANTITIES
In the previous section we have estimated values of the
unknown parameters of the models. The two pairs of pa-
rameters (Ωn,0,Ω3n,0) and (Ωsin,0,Ωcos,0) depend on the
initial conditions of the phase space variables. Knowing
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FIG. 1. Posterior constraints for investigated model 1a (lin-
ear approach to the de Sitter state). One-dimensional plots:
solid lines denote fully marginalized probabilities, dotted lines
show mean likelihood. Two-dimensional plots: solid lines de-
note 68 % and 95 % credible intervals of fully marginalized
probabilities, the colors illustrate mean likelihood of the sam-
ple. Estimations were made using Union2.1+H(z)+Alcock-
Paczyn´ski+BAO data set. For the numerical results see Ta-
ble I.
the values of the parameters of the models one is able to
obtain complete information about the present state of
the phase space variables.
The action integral (1) gives the effective gravitational
coupling in Brans-Dicke theory as an inverse of the scalar
field
Geff =
1
φ
. (34)
However, for the spherically symmetric solutions in the
Brans-Dicke theory in Cavendish-like experiments we
have [47–49]
Geff =
1
φ
4 + 2ωBD
3 + 2ωBD
. (35)
We have to remember that this quantity is defined in the
context of the parametrized post-Newtonian (PPN) for-
malism [5] only suitable for the solar system tests where
a spherical symmetry of solutions is assumed, and not for
our cosmological considerations of the background evo-
lution only [13].
The variation of the effective gravitational coupling in
the Brans-Dicke theory can be directly connected with
the cosmological evolution of the scalar field
G˙eff
Geff
= − φ˙
φ
, (36)
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FIG. 2. Posterior constraints for investigated model 1b (tran-
sient de Sitter evolution). One-dimensional plots: solid lines
denote fully marginalized probabilities, dotted lines show
mean likelihood. Two-dimensional plots: solid lines denote
68 % and 95 % credible intervals of fully marginalized prob-
abilities, the colors illustrate mean likelihood of the sam-
ple. Estimations were made using Union2.1+H(z)+Alcock-
Paczyn´ski+BAO data set. For the numerical results see Ta-
ble I.
which can be obtained either from (34) or (35). Thus we
have a direct interpretation of the present value of the
phase space variable x
x(a0) =
φ˙
Hφ
∣∣∣∣
0
= − G˙
H G
∣∣∣∣
0
, (37)
where in G we omitted the subscript for simplicity. For
the remaining two phase space variables we have
y(a0) =
√
V (φ0)
3φ0
1
H0
, λ(a0) = −φ0V
′(φ0)
V (φ0)
, (38)
where the first quantity is proportional to the value of the
scalar field potential function at the present epoch and
the second one gives the slope of the potential function
at the present epoch.
The dynamical system analysis enables us to find the
asymptotic values of the phase space variables while the
linearized solutions give us an opportunity to find its
present time values. From Eqs. A3 for the models 1a
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FIG. 3. Posterior constraints for investigated model 2 (oscilla-
tory approach to the de Sitter state). One-dimensional plots:
solid lines denote fully marginalized probabilities, dotted lines
show mean likelihood. Two-dimensional plots: solid lines de-
note 68 % and 95 % credible intervals of fully marginalized
probabilities, the colors illustrate mean likelihood of the sam-
ple. Estimations were made using Union2.1+H(z)+Alcock-
Paczyn´ski+BAO data set. For the numerical results see Ta-
ble I.
and 1b we can derive
x(a0) =
3
4
(
Ωbm,0 − ΩM,0
)−
− n
n+ 1
Ωn,0 − n− 3
n− 4Ω3n,0 ,
(39a)
y(a0) = 1− 1
8
(
Ωbm,0 + 3ΩM,0
)−
− 1
2
n
n+ 1
Ωn,0 − 1
2
n− 3
n− 4Ω3n,0 ,
(39b)
λ(a0) = − 2− 1
2
Ωbm,0−
− 3
8
1
n+ 1
Ωn,0 − 3
8
1
n− 4Ω3n,0 ,
(39c)
while from A6 for the model 2 we find
x(a0) =
3
4
(Ωbm,0 − ΩM,0)+
+
2
4n2 + 25
(
5Ωcos,0 + 2nΩsin,0
)− Ωcos,0 ,
(40a)
y(a0) = 1− 1
8
(
Ωbm,0 + 3ΩM,0
)
+
+
1
4n2 + 25
(
5Ωcos,0 + 2nΩsin,0
)− 1
2
Ωcos,0 ,
(40b)
λ(a0) = − 2− 1
2
Ωbm,0+
+
4
4n2 + 25
Ωbm,0
Ωbm,0 − ΩM,0
(
5Ωcos,0 + 2nΩsin,0
)
.
(40c)
These equations express the interrelation between the pa-
rameters estimated in the Hubble function and the phase
space state of the dynamical system under considera-
tions.
In Table III we have gathered the present values of the
phase space variables x(a0), y(a0) and λ(a0) calculated
for the mean of marginalized posterior PDF with 68%
confidence level for the parameters of the models. The
errors for a given quantity where calculated as minimal
and maximal value of the quantity within 1σ intervals of
the estimated parameters.
In Fig. 4 we present the fully marginalized probabilities
(solid lines) and mean likelihood (dotted lines) for the
present value of the phase space variable x(a0) which
is directly connected with time variation of the effective
gravitational coupling constant. We have that at present
epoch
G˙
G
∣∣∣∣
0
= −x(a0)H0 , (41)
which indicates that for every investigated model this
quantity is positive, and thus, the value of the effective
gravitational coupling constant increases during the evo-
lution of universe. This observation can indicate the
weakening the strength of gravity at early times and
might be the reason for the low entropy of the early uni-
verse [50].
With the present time value of the y(a0) phase space
variable at hand, one is able to calculate the scalar field
potential function value at the present time, which is
V (φ0) = 3φ0H
2
0
(
y(a0)
)2
. (42)
Additionally from the λ(a0) we are able to calculate the
first derivative of the scalar field potential function with
respect to the scalar field as
V ′(φ0) = −3H20
(
y(a0)
)2
λ(a0) . (43)
9TABLE III. The present values of the phase space variables
x(a), y(a), and λ(a) calculated for the mean of marginalized
posterior PDF with 68% confidence level for the parameters
of the models.
Union2.1+H(z)+AP
x(a0) y(a0) λ(a0)
model 1a −0.1862+0.6136−0.6186 0.8826
+0.3068
−0.3093 −2.0244
+0.2280
−0.2303
model 1b −0.1733+1.2743−1.2591 0.8891
+0.6371
−0.6295 −2.0311
+0.6460
−0.6493
model 2 −0.1741+0.3314−0.3286 0.8886
+0.1657
−0.1643 −2.0230
+0.1099
−0.1075
Union2.1+H(z)+AP+BAO
x(a0) y(a0) λ(a0)
model 1a −0.1813+0.4909−0.4761 0.8851
+0.2454
−0.2381 −2.0455
+0.1777
−0.1900
model 1b −0.1826+2.2818−1.3340 0.8844
+1.1406
−0.6670 −2.0175
+1.0997
−0.6620
model 2 −0.1860+0.2126−0.2023 0.8827
+0.1063
−0.1012 −2.0312
+0.0479
−0.0557
TABLE IV. Values of the Brans-Dicke parameter ωBD calcu-
lated for the mean of marginalized posterior PDF with 68%
confidence levels.
Union2.1+H(z)+AP
ωBD
model 1a −0.7364+2.7579−0.4284
model 1b −2.4430+1.2743−1.2591
model 2 −1.0780+0.3805−0.2014
Union2.1+H(z)+AP+BAO
ωBD
model 1a −0.8606+0.8281−0.1341
model 1b −2.3837+0.4588−4.5459
model 2 −1.1103+0.1872−0.1729
The most important parameter in the Brans-Dicke the-
ory is the only free parameter of the theory, namely, ωBD
parameter.
From (16a) and (21a) we obtain that the δ parameter
can be directly expressed as
δ =
16Ωbm,0
3(Ωbm,0 − ΩM,0) , (44)
−1 −0.6 −0.2 0.2 0.6
x(a0)
−1 −0.6 −0.2 0.2 0.6
x(a0)
−1 −0.6 −0.2 0.2 0.6
x(a0)
FIG. 4. The fully marginalized probabilities (solid lines) and
mean likelihood (dotted lines) for the present value of the
phase space variable x(a0) calculated for the models 1a (top)
and 1b (middle) from Eq. (39a) and for the model 2 (bottom)
from Eq. (40a). The maximal probability is located at the
negative values indicating that at present the effective gravi-
tational coupling constant increases.
where in our considerations Ωbm,0 is the fixed value and
ΩM,0 was estimated from the astronomical observational
data. Then from (13) we have
ωBD = −3
2
+
6
n(n− 3)
Ωbm,0
Ωbm,0 − ΩM,0 (45)
10
−2 −1.5 −1 −0.5 0 0.5 1
ωBD
−10 −8 −6 −4 −2 0 2
ωBD
−2.5 −2 −1.5 −1 −0.5 0
ωBD
FIG. 5. The fully marginalized probabilities (solid lines) and
mean likelihood (dotted lines) for the parameter of the Brans-
Dicke theory ωBD calculated for the models 1a (top) and 1b
(middle) from Eq. (45) and for the model 2 (bottom) from
Eq. (46).
and from (18) we obtain
ωBD = −3
2
− 24
9 + 4n2
Ωbm,0
Ωbm,0 − ΩM,0 . (46)
Note, that there is only one possibility to obtain ωBD ≫ 1,
namely when in (45) the estimated value of n parameter
is n ≈ 0 (or equivalently n ≈ 3).
In Table IV we gathered the values of the Brans-Dicke
parameter ωBD calculated for the mean of marginalized
posterior PDF with 68% confidence level for the param-
eters of the models while on figure 5 we present the fully
marginalized probabilities and mean likelihood for the
ωBD parameter of the Brans-Dicke theory. In the first
case for the model 1a one can notice a clear cutoff at
ωBD = −3/2 as the value leading to pathologies in the
model [51].
Finally we can calculate the mass of the Brans-Dicke
scalar field. In the Jordan frame we have [52]
m2 =
2
3 + 2ωBD
(
φV ′′(φ)− V ′(φ)) , (47)
which, transformed into the investigated phase space
variables, is
m2 =
6
3 + 2ωBD
H2y2λ(1 + λΓ(λ)) . (48)
The mass of the Brans-Dicke scalar field is dynamical
quantity and changes during the evolution of universe as
well it depends on the form of the scalar field potential
function. Using linearized solution to the dynamics one
can calculate not only its asymptotic value at the de Sit-
ter state but also its present value.
From the third Eq. (9c) of the dynamical system (9)
describing the evolution of models we obtain that at the
present epoch
a
dλ
da
∣∣∣
0
= x(a0)λ(a0)
(
1− λ(a0)
(
Γ(λ(a0))− 1
))
, (49)
and using the linearized solutions (A3) and (A6) one can
calculate the quantity on the left-hand side of the equa-
tion. Then we obtain the present value of the Γ(λ(a0))
function which depends on the second derivative of the
scalar field potential function.
Finally we can express the mass of the Brans-Dicke
scalar field at the present epoch as
m2
∣∣
0
=
6
3 + 2ωBD
H2(a0)y
2(a0)×
×
((
2 + λ(a0)
)
λ(a0)− 1
x(a0)
a0
dλ
da
∣∣∣
0
) (50)
where from (A3c) and (39c) we have
a0
dλ
da
∣∣∣
0
=
3
2
Ωbm,0 +
3
8
n
n+ 1
Ωn,0 − 3
8
n− 3
n− 4Ω3n,0 , (51)
while from (A6c) and (40c) we have
a0
dλ
da
∣∣∣
0
=
3
2
Ωbm,0 +
2
4n2 + 25
Ωbm,0
Ωbm,0 − ΩM,0×
×
(
− (4n2 + 15)Ωcos,0 + 4nΩsin,0
)
.
(52)
For a linear approach to the de Sitter state (model 1a)
we obtain the mass of the Brans-Dicke scalar field
m2
∣∣
0
= 2.3604+53.6042−4.6626 H
2
0 , (53)
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while for a oscillatory approach to the de Sitter state
(model 2) we have the following mass at the present
epoch
m2
∣∣
0
= 2.8062+3.3998−0.8873H
2
0 . (54)
In the model 1b the de Sitter state is represented by a
saddle-type critical point and we obtain
m2
∣∣
0
= −1.2341+1.8205−33.7046H20 . (55)
In two first cases we obtain the mass of the Brans-Dicke
scalar field as
m|0 ∼ H0 (56)
which is consistent with an upper bound on the mass of
a ultralight pseudo Nambu-Goldstone bosons considered
in a cosmological background [53, 54]. In the model 1b
where the de Sitter state is a transient state (represented
by a saddle-type critical point) the mass of the Brans-
Dicke scalar field is of a tachyonic type.
V. CONCLUSIONS
As we mentioned in the Introduction, the Cassini
spacecraft mission in the parametrized post-Newtonian
(PPN) formalism gave the most stringent experimental
limit ωBD > 40000 on the value of the Brans-Dicke pa-
rameter [7]. This was obtained in the solar system test
for spherically symmetric solutions. The cosmological
constraints on the Brans-Dicke parameter ωBD concern
different spatial and temporal scales and the cosmogra-
phy now plays the role of the PPN formalism. In order to
obtain the Hubble functions we did not assume any spe-
cific form of the potential function for the Brans-Dicke
scalar field. The chameleon mechanism [55–60] leads to
modifications in the effective potential function, i.e., the
effective mass of the scalar field, which depends on the
local matter density. In regions of low-mass density like
on the cosmological scales, the scalar field is light, while
in regions of high density in the solar system, it acquires
a large mass, making its effects unobservable. However,
the chameleon mechanism is not a generic feature for
arbitrary scalar field potential functions. The question
whether this mechanism arises for all possible potential
functions under considerations remains open.
From a theoretical point of view there are two special
values of the Brans-Dicke parameter, namely ωBD = 0
and ωBD = −1.
In the metric formulation of f(R) theory of gravity the
action integral,
S =
∫
d4x
√−g f(R) , (57)
can be rewritten in the following form [61]
S =
∫
d4x
√−g(φR − 2V (φ)) , (58)
which is equivalent to the Brans-Dicke theory with ωBD =
0.
From the other hand, the Lagrangian density of the
low-energy limit of the bosonic string theory [62–64] can
be presented in the following form,
L = e−2Φ(R+ 4∇αΦ∇αΦ− Λ) , (59)
where Φ is the dilaton field. Making the substitution φ =
e−2Φ, one obtains the Brans-Dicke theory with ωBD = −1
and V (φ) = Λφ. Neglecting the matter, the two theories
are identical, but they differ in their couplings of the
scalar field to the other matter [65].
In this paper we obtained cosmological constraints
on the models resulting from dynamical analysis of the
Brans-Dicke theory. We have shown that for an arbi-
trary potential function of the Brans-Dicke scalar field,
there exists the de Sitter state and that the dynamical
behavior in its vicinity crucially depends on the value of
the first and second derivative of the scalar field poten-
tial function at the de Sitter state as well as on the value
of the Brans-Dicke parameter. We found the following
mean values of the parameter of the theory: for a linear
approach to the de Sitter state ωBD = −0.8606+0.8281−0.1341, for
an oscillatory approach to the de Sitter state we obtain
ωBD = −1.1103+0.1872−0.1729 while for the transient de Sitter
state represented by a saddle-type critical point we find
ωBD = −2.3837+0.4588−4.5459. It is interesting that for the mod-
els under investigation, for an arbitrary scalar field poten-
tial function and excluding the model with ωBD < −3/2
as one leading to ghost behavior, we obtained a value of
the ωBD parameter close to the value needed to obtain
correspondence with the low-energy limit of the bosonic
string theory.
ACKNOWLEDGMENTS
We are very grateful to Adam Krawiec for valuable
suggestions and comments.
The research of O.H. was supported by the Pol-
ish Ministry of Science and Higher Education
through the project “Iuventus Plus” (Contract
No. 0131/H03/2010/70) and by the National Sci-
ence Centre through the postdoctoral internship award
(Decision No. DEC-2012/04/S/ST9/00020). M.S. was
supported by the National Science Centre through
the OPUS 5 funding scheme (Decision No. DEC-
2013/09/B/ST2/03455), and M.K. was supported by the
National Science Centre through the PRELUDIUM fund-
ing scheme (Decision No. DEC-2012/05/N/ST9/03857).
The use of the S´wierk Computing Centre (CIS´) computer
cluster at the National Centre for Nuclear Research is
gratefully acknowledged.
12
Appendix A: Linearized solutions in the vicinity of the de Sitter state
Here we present the complete form of the linearized solutions of the system (9) in the vicinity of the de Sitter state.
In the case of purely real eigenvalues (model 1a and model 1b) using substitution
δ
3 + 2ωBD
=
4
9
n(n− 3) , (A1)
the eigenvalues of the linearization matrix take the following form,
l1 = −3 , l2 = −n , l3 = −3 + n , (A2)
and the linearized solutions are
x(a) =
4
δ
(
∆x− 2∆y)( a
a(i)
)−3
+
n
3δ(2n− 3)
(
− 4n(∆x− 2∆y)+ 3δ∆x− 8(n− 3)∆λ)( a
a(i)
)−n
+
+
n− 3
3δ(2n− 3)
(
4(n− 3)(∆x− 2∆y)+ 3δ∆x+ 8n∆λ)( a
a(i)
)−3+n
, (A3a)
y(a) = 1 +
1
2
(
4
δ
− 1
)(
∆x− 2∆y)( a
a(i)
)−3
+
n
6δ(2n− 3)
(
− 4n(∆x− 2∆y)+ 3δ∆x− 8(n− 3)∆λ)( a
a(i)
)−n
+
+
n− 3
6δ(2n− 3)
(
4(n− 3)(∆x− 2∆y)+ 3δ∆x+ 8n∆λ)( a
a(i)
)−3+n
, (A3b)
λ(a) = −2− 1
2
(
∆x− 2∆y)( a
a(i)
)−3
+
1
8δ(2n− 3)
(
− 4n(∆x− 2∆y)+ 3δ∆x− 8(n− 3)∆λ)( a
a(i)
)−n
+
+
1
8δ(2n− 3)
(
4(n− 3)(∆x− 2∆y)+ 3δ∆x+ 8n∆λ)( a
a(i)
)−3+n
, (A3c)
where ∆x = x(i), ∆y = y(i) − 1, and ∆λ = λ(i) + 2 are the initial conditions.
In the case of the eigenvalues with nonzero imaginary part (model 2) using the substitution
δ
3 + 2ωBD
= −1
9
(9 + 4n2) , (A4)
the eigenvalues of the linearization matrix take the following form,
l1 = −3 , l2 = −3
2
− in, l3 = −3
2
+ in , (A5)
and the linearized solutions are
x(a) =
4
δ
(
∆x− 2∆y)( a
a(i)
)−3
+
(
−4
δ
(
∆x− 2∆y)+∆x)( a
a(i)
)−3/2
cos
(
n ln
(
a
a(i)
))
+
+
1
6n
(
−2
δ
(4n2 − 9)(∆x− 2∆y)− 9∆x− 4
δ
(4n2 + 9)∆λ
)(
a
a(i)
)−3/2
sin
(
n ln
(
a
a(i)
))
, (A6a)
y(a) = 1 +
1
2
(
4
δ
− 1
)(
∆x− 2∆y)( a
a(i)
)−3
+
1
2
(
−4
δ
(
∆x− 2∆y)+∆x)( a
a(i)
)−3/2
cos
(
n ln
(
a
a(i)
))
+
+
1
12n
(
−2
δ
(4n2 − 9)(∆x− 2∆y)− 9∆x− 4
δ
(4n2 + 9)∆λ
)(
a
a(i)
)−3/2
sin
(
n ln
(
a
a(i)
))
, (A6b)
λ(a) = −2− 1
2
(
∆x− 2∆y)( a
a(i)
)−3
+
(
1
2
(
∆x− 2∆y)+∆λ)( a
a(i)
)−3/2
cos
(
n ln
(
a
a(i)
))
+
+
3
2n
(
−1
2
(
∆x− 2∆y)+ δ
4
∆x+∆λ
)(
a
a(i)
)−3/2
sin
(
n ln
(
a
a(i)
))
, (A6c)
where again ∆x = x(i), ∆y = y(i) − 1, and ∆λ = λ(i) + 2 are the initial conditions.
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